Haken manifolds and representations of their fundamental groups in SL(2, C)  by Motegi, Kimihiko
Topology and its Applications 29 (1988) 207-212 
North-Holland 
207 
HAKEN MANIFOLDS AND REPRESENTATIONS OF THEIR 
FUNDAMENTAL GROUPS IN SL(2, ‘Q 
Kimihiko MOTEGI 
Department of Mathematics, Faculty of Science, Kyushu University, Fukuoka, 812 Japan 
Received 10 March 1986 
Revised 21 January 1987 and 29 April 1987 
It is shown in [2] that if the fundamental group of a compact orientable irreducible 3manifold 
M has a positive-dimensional SL(2, @)-character variety, then M is a Haken manifold. We show 
however that the converse is not true. That is there exist infinitely many Haken manifolds whose 
fundamental groups have a finite number of representations in SL(2, C) up to equivalence. In 
particular, they have O-dimensional SL(2, @)-character varieties. 
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1. Introduction 
For the terminology used in this paper, see [4] and [8]. 
Let M be a compact orientable irreducible 3-manifold and p a representation of 
the fundamental group nl(M) of M in SL(2, C) (i.e. a homomorphism of r,(M) 
to SL(2, C)). The character of a representation p is a function xp : r,(M) + @ defined 
by x,(g) = trace p(g). We say that two representations p and p’ are equivalent if 
p’ = J 0 p for some inner automorphism J of SL(2, C). The space of representations 
of ml(M) in SL(2, C) and the space of SL(2, @)-characters of the group n-,(M) are 
complex algebraic sets (see [2, 1.4.5. Corollary]). It is shown in [2] that if r,(M) 
has a positive-dimensional character variety, then there exists an incompressible 
surface in M which is not boundary-parallel. In this paper we consider the converse. 
Question. Suppose that M contains an incompressible surface. Then does r,(M) 
have a positive-dimensional SL(2, @)-character variety? 
We shall divide into two cases depending upon whether or not the manifold 
contains a non-separating incompressible surface. If M contains a non-separating 
incompressing surface, then rr( M) has an infinite cyclic quotient, and if M contains 
a separating incompressing surface which is not boundary-parallel, then r,(M) is 
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a non-trivial amalgamated free product. Thus in the case when M contains a 
non-separating incompressible surface, we have: 
Proposition 1. Let M be a Haken manifold with non-separating incompressible surface. 
Then T,(M) has a positive-dimensional SL(2, C)-character variety. 
We remark that a Haken manifold with non-empty boundary has a non-separating 
incompressible surface. 
But in general, the answer is negative. 
Theorem. There exists a Haken manifold M whose fundamental group has onlyJinitely 
many representations in SL(2, C) up to equivalence. In particular, it has a O-dimensional 
character variety. 
By using the uniqueness of the torus decomposition (Jaco-Shalen [3], Johannson 
[5]), we can show that there exist infinitely many Haken manifolds as above. 
2. Representations of a torus knot group 
Let (p, q) be a pair of relatively prime integers with p, q 3 2. Let K be the torus 
knot of type (p, q) and M = S3 - int N(K) be its exterior. Then M is a Seifert fibred 
manifold with orbit manifold is the 2-disk and with two exceptional fibres of indices 
p, q. Hence the fundamental group of M is presented as follows: 
~,(M)=(c,,c,,t:[c,,t]=[c,, t]=l, c:=tr,c;=t”), 
where t is represented by a regular fibre and (p, r), (q, s) are pairs of relatively 
prime integers. 
First we study representations of n,(M) in PSL(2, C) = SL(2, C)/(l, -1). 
Proposition 2. Let p be a representation of r,( M) in PSL(2, C). If p maps the meridian 
m to 1, then ti is the trivial representation. 
Proof. From the Van Kampen theorem, the normal closure of m in r,(M) coincides 
with r,(M). This implies the result. 0 
To study the image p( nl( M)) we prepare some elementary facts about PSL(2, C). 
Let Isomf(W3) be the set of all the orientation preserving self-isometries of W3. By 
considering the elements of Isomt(W3) as Mobius transformations, Isom+(W3) can 
be identified with PSL(2, C). When we identify W3 with ((2, w) E @ x R 1 w > 0}, the 
one point compactification of C x (0) is called the sphere at infinity and is denoted 
by S$. 
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Lemma 1. [I, $4.31. Let g and h be Miibius transformations other than 1. Then g 
and h commute if and only if one of (i) or (ii) holds. 
(i) F, = Fh, 
(ii) g and h have a commonjxedpoint in W3 with g2 = h2 = (gh)’ = 1 and F, n F,, = $3. 
Here FR denotes the fixed-point set of g in S&. 
Using this, we have: 
Proposition 3. Let p be a representation oft, in PSL(2, C). Iffp(t) # 1, then the 
image p(m,(M)) is an abelian group, and any two non-trivial elements of p(n,(M)) 
have the same jixed points in the sphere at injiniinity. 
Proof, p(t)] = 1, there are two possibilities by Lemma 
1: 
(i) FD(ci) = FF(t). 
(ii) p(ci) and p(t) have a common fixed point in W3 with Pi = p(t)‘= 
(p(ci)p(t))2=l and FD(~~)nFjj(t)=@. 
We show that (ii) can not occur: 
We consider the case of j7,( c,) # 1. Suppose (ii) holds. Then /5( cl)’ = p( t)2 = 1, 
and @(c,)” = p( 1)‘. If p is an even number, then r must be an odd number, so we 
get p(t) = 1. This contradicts the assumption on p. If p is an odd number and r is 
an even number, we get p(c,) = 1 and this is not the case. Finally, if p is an odd 
number and r is an odd number, we get o( c,) = p(t) and this also contradicts the 
fact that Fp(c,) n Fp(t) = 0. In this way (ii) can not occur, and the same argument 
implies that (ii) can not occur in the case of &(c2) f 1. 
Thus any two non-trivial elements have the same fixed points in SL. By Lemma 
1 the image @(n,(M1)) is an abelian group. IX 
3. Combination of representations 
Let M, be the exterior of the torus knot of type ( pt, qj) i = 1,2 as in Section 2. 
Let h be an orientation reversing homeomorphism of aM, to aM2 and MA be the 
closed 3-manifold obtained by identifying aM, to aM2 by h. Since Ki is a non-trivial 
knot, M, is a boundary-irreducible Haken manifold. Hence Mh is also a Haken 
manifold. 
From now on, we shall find an orientation reversing homeomorphism h of JM, 
to aM, such that T~(M,,) has only finitely many representations in SL(2, C) and 
PSL(2, C) up to equivalence. To do this, we first consider representations of VT,(M~) 
in PSL(2, C). Let PR(m,(M,,)) be the space of representations of a,( Mh) in 
PSL(2, C). We regard ~,(an/r,) and nI( M,) as the subgroups of 7rI( M,,). We say that 
two representations p1 E PR( r,( M,)) and p2 E PR( v,( M2)) can be combined if there 
exists a representation p E PR(n,(M,)) such that the restriction of p to mI( M,) is 
pi(i = 1,2) and we call p the combined representation of jjI and p2. 
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Proposition 4. Suppose that PI E PR( T~( M,)) and p2 E PR( nl( MJ) can be combined, 
and satisfy p,(t) # 1, p2( t’) # 1 respectively. Then for the combined representation p of 
PI and p2, the image p(vl(Mh)) is an abelian group. 
Proof. For any non-trivial elements p,(g) and p*(g)) of pl( nl( M,)) and p2( rTTI( M2)) 
respectively, we have @,(g) = Fp,( t) = I$,( h,( t)) = Fp,(g’) by Proposition 3. There- 
fore by Lemma 1, the image p(rl(Mh)) is an abelian group. 0 
In Seifert fibrations of Ml and M2, regular fibres t and t’ are parallel to knots 
K, and K2 and the linking number in S3 is given by lk( t, K,) = plql, lk( t’, K,) = p2q2. 
Thus regular fibres t, t’ on JM,, aM, are represented as rnplqlZ, m’p29z1’, here (m, I) 
and (m’, 1’) are meridian-longitude pairs of M, and M2. 
Take an orientation reversing homeomorphism h of 8M, to aM2 to satisfy h(m) = t’ 
and h(t) = m’. Then we have: 
Lemma 2. H1(Mh; Z) is isomorphic to thefinite cyclic group ZP,P24,42-1. 
Proof. We put T2 = aM, = aM, and get the Mayer-Vietoris exact sequence: 
s, Hl(T2; Z) 
4, q, 
- HI(M,; %~HI(Mz; z) - HI(Mh; z) 
2 H,,(T’;H+ Ho(M,; W~HO(MZ; z) 2 H,(M,; z) 
- 0. 
Since the meridian of a knot exterior is a generator of its homology group and the 
longitude is homologically trivial, H,(M,; Z) is generated by m, H,(M2; Z) is gener- 
ated by m’, I=0 in H,(M,; Z) and I’= 0 in H1(M2; Z). Now we set the generators 
of H,( T2; Z) to be {m, I}. Then 4,(m) = (-m,p,q&) and 4,(l) = 
(0, ( -p1p2qlq2 + 1)m’). As & is injective, Im &, = 0 and so Ker &, = H,( Mh; Z). Thus 
$1 is surjective, and H1(Mh; Z) = H,(M1; Z)@H,(M,; Z)/Im +1, which is isomor- 
phic to Z@Z/ G where G is generated by (1,0) and (0, -p1p2q,q2+ 1). Therefore 
HI(Mh; Z) is isomorphic to the finite cyclic group Zp,p24,42_1. 0 
Now we show that 7rl(Mh) has only finitely many representations in SL(2, C) 
and PSL(2, C) up to equivalence. First suppose pl( t) = 1. If p, can be combined 
with a representation p2 of z-~( M2) in PSL(2, C), we have 
p,(t) =&h*(t)) = p2(m’). 
But p,(t) = 1, so p,(m’) = 1. This implies that p2 is a trivia1 representation by 
Proposition 2. Hence pl( m) = p,(h.+(m)) = 1, and from Proposition 2, p, is also 
trivial. Thus the combined representation p is a trivia1 representation. In case of 
p2( t’) = 1, the same argument implies that p is trivial. 
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Finally we consider the case that p,(f) # 1 and p2( t’) # 1. By Proposition 4 any 
combined representation p of rrl(Mh) in PSL(2, C) factors through the commutator 
quotient group. Thus by Lemma 2 we get: 
Proposition 5. For any representation p of~~(M,,) in PSL(2, C), the image p( TT~( Mh)) 
is contained in a Jinite cyclic group of order p1p2q,q2 - 1 in PSL(2, C). 
Thus by an inner automorphism of PSL(2, C), we may assume that p(~,(A4~)) is 
contained in the finite cyclic group generated by some elliptic element g of order 
p1p2qlq2 - 1. In particular r,( A$,) has only finitely many representations in PSL(2, C) 
up to equivalence. Let p be any representation of rl(Mh) in SL(2, C), and p be the 
quotient map of SL(2, C) to PSL(2, C). 
~,(MJ - p SL(2, C) 
\I P”P P 
PSL(2, C) 
Since p 0 p is a representation of n,(M,,) in PSL(2, C), we may assume that 
p(7r1(Mh)) is contained in the fixed finite group {+l, fg, * . * , *gp1p2q1q2-2}, up to 
an inner automorphism of SL(2, C). Hence there exist only finitely many representa- 
tions in SL(2, C) up to equivalence. 
Note that if p is equivalent to p’, then x,, = xp,. Hence rl( M,,) has only finitely 
many characters. In particular rl(Mh) has a O-dimensional SL(2, C&character 
variety. This completes the proof of Theorem. 0 
Remark. The referee pointed out that in the case of a Haken manifold, the ‘bending’ 
construction introduced by Johnson-Millson [6, section 51 is deeply related to defor- 
mations of representations of its fundamental group. Thurston’s idea of bending a 
Fuchsian group [9, Chapter 8, “Mickey Mouse” example] is at the heart of their 
results, and the thesis of Kourouniotis [7] contains a description of a geometric 
version of ‘bending’. 
This construction gives a way of producing deformations of certain representations 
of amalgamated free products. Suppose that we have an irreducible representation 
p of A *s B such that p(S) is abelian but neither p(A) nor p(B) are abelian. Then 
there exists a l-parameter family of elements t,, z E @, of SL(2, C) which commute 
with p(S) but not with p(A) or p(B). The representations (pIA) * (t,pl&;‘) form a 
l-dimensional family of deformations of p. In our construction of M,,, no representa- 
tion satisfies the assumption of the ‘bending’ construction, and n,(Mh) has a 
O-dimensional SL(2, C)-character variety. 
Finally we show an example of the ‘bending’ deformation relating to the manifold 
obtained by gluing together two knot exteriors. 
Example. Let K be a hyperbolic knot, that is its complement in S3 admits a complete 
hyperbolic structure of finite volume. The fundamental group of its exerior E(K) 
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has a faithful discrete representation in PSL(2, C) and this representation can be 
lifted to a representation p in SL(2, C). (See [9, chapter 51 or [2,3.1.1. Proposition].) 
Of course this representation is irreducible (in particular non-abelian) and 
~(T~(~‘E(K))) is abelian. Here we consider the double of E(K). (I.e. M,, is the 
manifold obtained by gluing together two copies of E(K) by identifying homeo- 
morphism h which satisfies h(m) = m, h(l) = L) Let us define the representation p,, 
of GT~(M,,) in SL(2, C) to be p * p (i.e. the restriction of p,, to n,(E(K)) is p). Then 
ph satisfies the assumption of the ‘bending’ construction. Hence there exists a 
l-parameter family of elements t, as in Remark, and p * t,pt;’ form a l-dimensional 
family of deformations of ph. 
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